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Introduction

Swamy, U.M. and Rao, G.C. [6] introduced the concept of an Almost Distributive Lattice (ADL)
as a unifying abstraction encompassing nearly all ring-theoretic generalizations of Boolean
algebras such as regular rings, p-rings, biregular rings, associate rings, and P;-rings on one hand,
and distributive lattices on the other. In [1], Dilworth, R.P. introduced the notion of residuation in
lattices, and later, Ward, M. and Dilworth, R.P. [7] studied residuated lattices in detail.

In our earlier work [2], we introduced the concepts of skew semi-residuation and multiplication in
an ADL, thereby defining a skew semi-residuated ADL. We also established several fundamental
properties of skew semi-residuation (denoted by ‘°’) and multiplication (denoted by‘:’) within
such lattices.

In this paper, we extend that study by introducing the notions of a Noether Skew Semi-Residuated
Almost Distributive Lattice (Noether SSR-ADL) and principal elements in a Skew Semi-

Residuated Almost Distributive Lattice (SSR-ADL). Furthermore, we establish several significant
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results pertaining to Noether SSR-ADLS.

In Section 2, we revisit the definition of an Almost Distributive Lattice (ADL) and some
fundamental properties of ADLs as presented by Swamy, U.M. and Rao, G.C. [6], and Rao, G.C.
[3]. We also recall the concepts of skew semi-residuation and multiplication in an ADL LLL,
along with the definition of a Skew Semi-Residuated Almost Distributive Lattice (SSR-ADL)
from our earlier work [2].

In Section 3, we introduce the notions of a Noether Skew Semi-Residuated Almost Distributive
Lattice (Noether SSR-ADL) and principal elements in an SSR-ADL.

2010 Mathematics Subject Classification: 06D99, 06D15.

Key words and phrases: Almost Distributive Lattice (ADL), Skew Semi-Residuated Almost
Distributive Lattice (SSR-ADL), Noether SSR-ADL, Principal element.

We introduce the concepts of a Noether Skew Semi-Residuated Almost Distributive Lattice
(Noether SSR-ADL) and principal elements in a Skew Semi-Residuated Almost Distributive
Lattice (SSR-ADL). Furthermore, we establish several important results in a Noether SSR-ADL
and prove the Fundamental Theorem of Noether SSR-ADLSs.

Preliminaries

In this section, we present several important definitions and known results that will be used
frequently throughout the paper.

We begin with the definition of an Almost Distributive Lattice (ADL):

Definition 2.1 ([3]).

An Almost Distributive Lattice (ADL) is an algebra (L,v,A)(L, \vee, \wedge)(L,v,A) of type
(2,2)(2, 2)(2,2) satisfying the following conditions for all a,b,ceLa, b, ¢ \in La,b,ceL:
(avb)Ac=(anc)v(bac)(a \vee b) \wedge ¢ = (a \wedge c) \vee (b \wedge c)(avb)Ac=(aAc)V(bAc)
an(bvc)=(anb)v(anc)a \wedge (b \vee c) = (a \wedge b) \vee (a \wedge c)aA(bvc)=(aAb)Vv(aAc)

1. (avb)Ab=b(a \vee b) \wedge b = b(avb)Ab=Db
2. (avb)Aa=a(a \vee b) \wedge a = a(avb)Aa=a

3. av(aAb)=aa \vee (a \wedge b) = aav(anb)=a

It is evident that every distributive lattice is an ADL. Moreover, if there exists an element
0€L0 \in LO€L such that 0Aa=00 \wedge a = 00Aa=0 for all aeLa \in La€L, then
(L,v,A,0)(L, \vee, \wedge, 0)(L,V,A,0) is called an ADL with 0.

Example 2.1 ([3]).
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Let XXX be a non-empty set, and fix an element x0eXx_0 \in Xx0eX. For any x,yeXX, y

\in Xx,yeX, define the operations A\wedgeA and V\veeV as follows:

XAY={x0,if x=x0,y,if x#x0,xvy={y,if x=x0,x,if x#x0.x \wedge y = \begin{cases} x 0, &
\text{if } x = x 0,\\'y, & \text{if } x \neq x_0, \end{cases} \qquad x \vee y = \begin{cases}
y, & \text{if } x = x_0,\\ X, & \text{if } x \neq x_0. \end{cases}xAy={x0,y,if x=x0,if x(1=x0
XVY={y,X,if x=x0,if x[1=x0.

Then (X,V,A,X0)(X, \vee, \wedge, x_0)(X,V,A,x0) is an Almost Distributive Lattice (ADL),
where x0x_0xO0 serves as the zero element. This structure is called a discrete ADL. For any
a,beXa, b \in Xa,beX, we define a partial order “<\leq<” by a<bif and only ifanb=a.a \leq b
\quad \text{if and only if} \quad a \wedge b = a.a<bif and only ifaAb=a.

It is straightforward to verify that “<\leq<” is a partial ordering on XXX.

Theorem 2.1 ([3]).

Let (L,V,A,0)(L, \vee, \wedge, 0)(L,V,A,0) be an ADL with zero element 000. Then, for all
a,b,ceLa, b, c\in La,b,ceL, the following properties hold:

(1) aA0=0a \wedge 0 = 0aA0=0 and Ova=a0 \vee a = aOva=a;

(2) aAna=a=avaa \wedge a = a = a \vee aaAa=a=ava;

(3) (anb)vb=b(a \wedge b) \vee b = b(aab)vb=Db, av(bAa)=aa \vee (b \wedge a) =
aaVv(baa)=a, and an(avb)=aa \wedge (a \vee b) = aaA(avb)=a;

(4) aAb=a < avb=ba \wedge b = a \iff a \vee b = banb=a<avb=b, and anb=b
< aVvb=aa \wedge b = b \iff a \vee b = aaAb=b<avb=3;

(5) aAb=bAaa \wedge b = b \wedge aaAb=bAa and avb=bvaa \vee b = b \vee
aavb=bva whenever a<ba \leq ba<b;

(6) aAb<ba \wedge b \leq baAb<b and a<avba \leq a \vee ba<aVvb;

(7) The operation A\wedgeA is associative in LLL;

(8) aAbAc=baanca \wedge b \wedge ¢ = b \wedge a \wedge caAbAc=bAaAc;

(9) (avb)Ac=(bva)Ac(a \vee b) \wedge ¢ = (b \vee a) \wedge c(avb)Ac=(bva)Ac;

(10) anb=0 < bAa=0a \wedge b = 0 \iff b \wedge a = 0aAnb=0<bAa=0;

(11)  av(bva)=avba \vee (b \vee a) = a \vee bav(bva)=avbh.
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It can be observed that an Almost Distributive Lattice (ADL) LLL satisfies nearly all

the properties of a distributive lattice, except possibly the following:

 the right distributivity of V\veeV over A\wedgeA,
o the commutativity of Viveev,
o the commutativity of A\wedgeA, and

« the absorption law, (aAb)va=a(a \wedge b) \vee a = a(aAb)va=a.
If LLL satisfies any one of these properties, then LLL becomes a distributive lattice.
Theorem 2.2 ([3]).

Let (L,V,A,0)(L, \vee, \wedge, 0)(L,V,A,0) be an ADL with zero element 000. Then the

following statements are equivalent:

(L,v,A,0)(L, \vee, \wedge, 0)(L,Vv,A,0) is a distributive lattice;
avb=bvaa \vee b = b \vee aavb=bva, for all a,beLa, b\in La,beL;
aAb=bAaa \wedge b = b \wedge aaAb=bAa, for all a,b€La, b \in La,beL;

A wonp e

(anb)ve=(avc)A(bve)(a \wedge b) \wee ¢ = (a \vee c) \wedge (b \vee
c)(anb)ve=(avc)A(bve), for all a,b,ceLa, b, ¢ \in La,b,ceL.

Proposition 2.1 ([3]).

Let (L,v,A)(L, \vee, \wedge)(L,V,A) be an Almost Distributive Lattice (ADL). Then, for
any a,b,ceLa, b, ¢ \in La,b,ceL with a<ba \leq ba<b, the following hold:

1. anc<bAca \wedge c \leq b \wedge canc<bAc;
2. cAa<cAbc \wedge a \leq ¢ \wedge bcAaa<cAb;

3. cva<cVvhbc \vee a\leq c \vee bcva<cvb.
Definition 2.2 ([3]).

An element meLm \in LmeL is said to be maximal if it is maximal in the partially
ordered set (L,<)(L, \leq)(L,<); that is, for any a€lLa \in La€EL, m<a = m=a.m \leq a

\implies m = a.m<a=>m=a.
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Theorem 2.3 ([3]).

Let LLL be an ADL and meLm \in LmeL. Then the following statements are

equivalent:

mmm is maximal with respect to <\leq<;

mva=mm \vee a = mmva=m, for all a€La \in La€L;
mAa=am \wedge a = amAa=a, for all acLa \in La€L.
Lemma 2.1 ([3]).

A w0 DN P

Let LLL be an Almost Distributive Lattice (ADL) with a maximal element mmm, and
let X,YELX, y \in Lx,y€eL.
If xAy=yx \wedge y = yxAy=y and yAx=xy \wedge x = XyAx=X, then xxx is maximal if

and only if yyy is maximal.
Moreover, the following conditions are equivalent:

Q) XAy=yx \wedge y = yxAy=y and yAx=xy \wedge X = XYyAX=X;

(1) xAm=yAmx \wedge m =y \wedge mxAm=yAm.

Definition 2.3 ([3]).

If (L,v,A,0,m)(L, \vee, \wedge, 0, m)(L,V,A,0,m) is an ADL with zero element 000 and
maximal element mmm, then the set I(L)I(L)I(L) of all ideals of LLL forms a complete

lattice under set inclusion.

In this lattice, for any 1,Jel(L)I, J \in I(L)I,J€l(L), the least upper bound (l.u.b.) and
greatest lower bound (g.l.b.) are given by: IVI={(xvy)AmIxel, yeJ} IAJ=INJ.I \vee J =
\{ (x \vee y) \wedge m \mid x \in I\, y \in J \}, \quad | \wedge J = | \cap
JIVI={(xvy)Am|xel,ye},INJ=IN].

Furthermore, the set PI(L)={(a]la€L},PI(L) = \{ (a] \mid a \in L \},PI(L)={(a]la€L},

consisting of all principal ideals of LLL, forms a sublattice of I(L)I(L)I(L). Since
(a]v(b]=(avb](a] \vee (b] = (a \vee b](a]v(b]=(avb] and (a]N(b]=(anb](a] \cap (b] = (a

\wedge b](a]N(b]=(aAb], we now introduce the concepts of skew semi-residuation and
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multiplication in an Almost Distributive Lattice (ADL) LLL, along with the definition
of a Skew Semi-Residuated Almost Distributive Lattice (SSR-ADL), as presented in our

earlier paper [2].

Definition 2.4 ([2]).

Let LLL be an ADL with a maximal element mmm. A binary operation “o\Circe” on
LLL is called a skew semi-residuation over LLL if, for all a,b,ceLa, b, ¢ \in La,b,c€eL,
the following conditions are satisfied: (R1) aAb=Dba \wedge b = baAb=b if and only if

aoba \circ baebh is maximal.

(R2) If aAb=ba \wedge b = banb=Db, then:
(1) (acc)A(boc)=boc(a \circ c) \wedge (b \circ c) = b \circ c(aec)A(boc)=boc;

(i) (ceb)A(cea)=coa(c \circ b) \wedge (c \circ a) = ¢ \circ a(ceb)A(coa)=cea.

(R3) [(anb)oc]am=(acc)A(boc)Am.[(a \wedge b) \circ c] \wedge m = (a \circ c) \wedge

(b \circ ¢) \wedge m.[(aAb)oc]Am=(acc)A(boc)Am.

(R4) [co(avb)]am=(cea)A(cob)Am.[c \circ (a \vee b)] \wedge m = (c \circ a) \wedge (c
\circ b) \wedge m.[ce(avb)]Am=(cea)A(cob)Am.

Definition 2.5 ([4]).

Let LLL be an ADL with a maximal element mmm. A binary operation “-\cdot-” on
LLL is called a multiplication over LLL if, for all a,b,ceLa, b, ¢ \in La,b,ceL, the

following conditions are satisfied: (conditions would follow here in your text)

(M1) (a:-b)Am=(b-a)Am(a \cdot b) \wedge m = (b \cdot a) \wedge m(a-b)Am=(b-a)Am
(M2) [(a-b)-c]Am=[a:(b-c)]Am[(a \cdot b) \cdot c] \wedge m = [a \cdot (b \cdot c)]
\wedge m[(a-b)-c]am=[a:(b-c)]Am

(M3) (am)Am=aAm(a \cdot m) \wedge m = a \wedge m(a-m)Am=aAm
(M4) [a:(bvc)]am=[(a-b)Vv(a-c)]Am[a \cdot (b \vee c)] \wedge m = [(a \cdot b) \vee (a
\cdot ¢)] \wedge m[a-(bvc)]aAm=[(a-b)v(a-c)]Am

Definition 2.6 ([2]).
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An Almost Distributive Lattice (ADL) LLL with a maximal element mmm is said to be
a Skew Semi-Residuated Almost Distributive Lattice (SSR-ADL) if there exist two
binary operations, “o\circe” and “-\cdot-”, on LLL satisfying conditions (R1)—(R4),
(M1)—(M4), and the following condition: (A) (xea)Ab=b < xA(a-b)=a-b,(x \circ a)
\wedge b = b \iff x \wedge (a \cdot b) = a \cdot b,(xca)Ab=b<xA(a-b)=a:-b, for all
X,a,bEL.X, a, b \in L.x,a,beL.

The following properties are used frequently in subsequent results.
Lemma 2.2 ([2]).

Let LLL be an ADL with a maximal element mmm, and let “-\cdot-” be a binary
operation on LLL satisfying conditions (M1)—(M4). Then, for any a,b,c,d€La, b, ¢, d \in
La,b,c,d€L, the following hold:

Q) aA(a-b)=a-ba \wedge (a \cdot b) = a \cdot baA(a-b)=a-b and bA(a-b)=a-bb
\wedge (a \cdot b) = a \cdot bbA(a-b)=a:b;

(i) (i) If anb=ba \wedge b = baAb=Db, then (c-a)A(c-b)=c-b(c \cdot a) \wedge (c
\cdot b) = ¢ \cdot b(c-a)A(c-b)=c-b and (a-c)A(b-c)=b-c(a \cdot c) \wedge (b
\cdot c¢) = b \cdot c(a-c)A(b-c)=b-c;

(iii)  da[(a-b)-c]=(a:b)-c & dA[a-(b-c)]=a:(b-c)d \wedge [(a \cdot b) \cdot c] = (a
\cdot b) \cdot ¢ \iff d \wedge [a \cdot (b \cdot c)] = a \cdot (b \cdot
c)dA[(a-b)-c]=(a-b)-ce=dA[a:(b-c)]=a:(b-c);

(iv)  (a:c)A(b-c)A[(anb)-c]=(anb)-c(a \cdot c) \wedge (b \cdot c) \wedge [(a
\wedge b) \cdot c] = (a \wedge b) \cdot c(a-c)A(b-c)A[(anb)-c]=(anb)-c;
(v) If dA(a-c)A(b-c)=(a-c)A(b-c)d \wedge (a \cdot ¢) \wedge (b \cdot ¢) = (a
\cdot c¢) \wedge (b \cdot c)dA(a-c)A(b-c)=(a-c)A(b-c), then
dA[(anb)-c]=(anb)-cd \wedge [(a \wedge b) \cdot c] = (a \wedge b) \cdot
cdA[(aAb)-c]=(anb)-c;

(V) da[(a-c)v(b-c)]=(a:c)v(b-c) & dA[(avb)-c]=(avb)-c.d \wedge [(a \cdot c)
\vee (b \cdot c¢)] = (a \cdot c) \vee (b \cdot c) \iff d \wedge [(a \vee b) \cdot c]
= (a \vee b) \cdot c.dA[(a-c)v(b-c)]=(a-c)v(b-c)<=dA[(avb)-c]=(avb)-c.

The following result is a direct consequence of condition (M1) in Definition 2.5.
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Lemma 2.3 ([2]).

Let LLL be an ADL with a maximal element mmm, and let “-\cdot-” be a binary
operation on LLL satisfying condition (M1). For all a,b,xeLa, b, x \in Lab,xeL,
aA(x-b)=x-b < aA(b-x)=b-x.a \wedge (x \cdot b) = x \cdot b \iff a \wedge (b \cdot x) =
b \cdot x.aA(X-b)=x-b<an(b-x)=b-x.

In the following, we present several important properties of skew semi-residuation
“o\circo” and multiplication “\cdot-” in a skew semi-residuated ADL LLL, as derived

from our earlier work [2].
Lemma 2.4 ([2]).

Let LLL be a skew semi-residuated ADL with a maximal element mmm. For all

a,b,c,d€La, b, ¢, d\in La,b,c,deL, the following properties hold:

(1) (acb)Aa=a(a \circ b) \wedge a = a(ach)Aa=a

(2) [ac(acb)]A(avb)=avb[a \circ (a \circ b)] \wedge (a \vee b) = a \vee
b[ac(achb)]A(avb)=avb

(3) [(aeb)oc]Aaec(b-c)]=ae(b-c)[(a \circ b) \circ c] \wedge [a \circ (b \cdot c)] = a
\circ (b \cdot c)[(acb)oc]A[ac(b-c)]=ac(b-C)

(4) [ao(b-c)]A[(acb)oc]=(acb)oc[a \circ (b \cdot c)] \wedge [(a \circ b) \circ c] = (a
\circ b) \circ c[ac(b-c)]A[(acb)ec]=(ach)oc

(5) [(anb)ob]A(acb)=acb[(a \wedge b) \circ b] \wedge (a \circ b) = a \circ
b[(aAb)ob]A(acb)=ach

(6) (acb)A[(anb)eb]=(anb)eob(a \circ b) \wedge [(a \wedge b) \circ b] = (a \wedge
b) \circ b(acb)A[(aAb)ob]=(aAb)cb

(7) [ac(avb)]Am=(acb)Am[a \circ (a \vee b)] \wedge m = (a \circ b) \wedge
m[ac(avb)]Am=(acb)Am

(8) [co(anb)]A[(cea)v(cob)]=(cea)Vv(ceb)[c \circ (a \wedge b)] \wedge [(c \circ a)
\vee (¢ \circ b)] = (¢ \irc a \Wwee (c \circ
b)[ce(anb)]A[(cea)Vv(ceb)]=(cea)v(cob)

(9) If acb=aa \circ b = aacb=a and aA(b-d)=b-da \wedge (b \cdot d) = b \cdot
daA(b-d)=b-d, then aAnd=da \wedge d = dand=d

196



International Journal of Advanced and Applied Sciences, 12(7) 2025, Pages: 189-208

(10)  {ac[ac(ach)]}A(acb)=acb\{a \circ [a \circ (a \circ b)]\} \wedge (a \circ b)
=a \circ b{ac[ac(acb)]}A(ach)=acb

(11)  [(avb)ec]A[(aec)Vv(bec)]=(aoc)V(boc)[(a \vee b) \circ c] \wedge [(a \circ
c) \wee (b \irc ¢ = (a \irc c¢c) \Wwee (b \circ
c)[(avb)ec]A[(acc)V(boc)]=(acc)Vv(boc)

(12) If aAnm>bAma \wedge m \ge b \wedge maAm>bAm, then
(aec)Am>(bec)Am(a \circ ¢) \wedge m \ge (b \circ c¢) \wedge
m(aec)Am=>(boc)Am

(13)  (acb)A{ac[ac(ach)]}=ac[ac(ach)](a \circ b) \wedge \{a \circ [a \circ (a
\circ b)]\} = a \circ [a \circ (a \circ b)](acb)A{ac[ac(ach)]}=ac[ac(ach)]

(14)  If anb=Dba \wedge b = baAb=b, then (a-c)A(b-c)=b-c(a \cdot c) \wedge (b
\cdot c¢) = b \cdot c(a-c)A(b-c)=b-c

(15)  aAbA(a-b)=a-ba \wedge b \wedge (a \cdot b) = a \cdot barbA(a-b)=a-b

(16)  [(a-b)ea]Ab=Db[(a \cdot b) \circ a] \wedge b = b[(a-b)ca]Ab=b

(17)  (a-b)A[(anb)-(avb)]=(anb)-(avb)(a \cdot b) \wedge [(a \wedge b) \cdot (a
\vee b)] = (a \wedge b) \cdot (a \vee b)(a-b)A[(aAb)-(avb)]=(aAb)-(avhb)

(18)  If avba \vee bavb is maximal, then (a-b)AaAnb=aAb(a \cdot b) \wedge a

\wedge b = a \wedge b(a-b)Aanb=aAb

Noether Almost Distributive Lattices

In this section, we introduce the concepts of a Noether Skew Semi Residuated Almost
Distributive Lattice (Noether SSR ADL) and a principal element in a Skew Semi
Residuated Almost Distributive Lattice (SSR ADL). We establish important results
within a Noether SSR ADL and also prove the fundamental theorem for Noether SSR
ADLs. We begin by defining several key concepts in a skew semi-residuated ADL
LLL:

Definition 3.1.

An element ceLc \in LceL is called irreducible if, for any f,geLf, g \in Lf,g€eL,

fag=c = f=c or g=c.f \wedge g = c \implies f = ¢ \text{ or } g = c.fAg=c=f=c or g=c.

Definition 3.2.
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An element peLp \in LpeL is called prime if, for any a,beLa, b \in La,beL,

pA(a-b)=a-b = pAa=a or pAb=b.p \wedge (a \cdot b) = a \cdot b \implies p \wedge a =
a \text{ or } p \wedge b = b.pA(a-b)=a-b=pAa=a or pAb=Db.

Definition 3.3.

An element peLp \in LpeL is called primary if, for any abelLa, b \in LabeL,
pA(a-b)=a-b and pAa£a = pAbs=bs for some seZ+.p \wedge (a \cdot b) = a \cdot b
\text{ and } p \wedge a \neq a \implies p \wedge b”s = b”s \text{ for some } s \in
\mathbb{Z}"+.pA(a-b)=a-b and pAall=a=pAbs=Dbs for some seZ+.

Definition 3.4.

An ADL LLL is said to satisfy the ascending chain condition (a.c.c.) if, for every
increasing sequence x1<x2<x3<...in L,x_1\leq x_2 \leq x_3 \leq \dots \text{ in } L,x1
<x2<x3<...In L, there exists a positive integer nnn such that xn=xn+1=xn+2=...x n =

x_{n+1} = x_{n+2} = \dotsxn=xn+1=xn+2=...
Definition 3.5.

A skew semi-residuated ADL LLL is called a Noether Skew Semi Residuated ADL
(Noether SSR ADL) if it satisfies the following conditions:

1. (N1) The ascending chain condition (a.c.c.) holds in LLL.
2. (N2) Every irreducible element of LLL is primary.

Definition 3.6.

An element a€la \in LaeL is said to have a primary decomposition if there exist
primary elements pl,p2,....pmeLp_1, p_2, \dots, p_m \in Lpl,p2,...,pm€eL such that
a=plAp2A---Apm.a = p_1 \wedge p_2 \wedge \dots \wedge p_m.a=plAp2A:--Apm

Theorem 3.1.
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Let a,beLa, b \in La,beL in a Noether SSR ADL LLL, and suppose a-ba \cdot ba-b has
a primary decomposition. Then there exists an exponent sss such that

(a-b)Aanbs=anbs.(a \cdot b) \wedge a \wedge b"s = a \wedge b"s.(a-b)Aanbs=aAbs.
Proof
Let LLL be a Noether SSR ADL and a,beLa, b \in La,beL. Assume that

a-b=plAp2A---Apka \cdot b = p_1 \wedge p_2 \wedge \dots \wedge p_ka-b=plAp2
A---Apk is a primary decomposition of a-ba \cdot ba-b. Then, for each i=1,2,....ki= 1, 2,
\dots, ki=1,2,...,k, we have piA(a-b)=a-b.p_i \wedge (a \cdot b) = a \cdot b.piA(a-b)=a-b.

By the definition of primary elements, for each iii, either piAna=ap_i \wedge a = apina=a
or piAa#ap_i \wedge a \neq apinall=a and there exists a positive integer sis_isi such that
piAbsi=bsi.p_i \wedge b*{s_i} = b*{s_i}.piAbsi=bsi.

follows that (a-b)AaAbs=aAbs.(a \cdot b) \wedge a \wedge b"s = a \wedge
b"s.(a-b)Aanbs=aAbs.

Case (i): Suppose pkAa=ap_k \wedge a = apkAa=a. Rearrange the primary elements
pl.p2,....pk=1p 1, p 2, \dots, p_{k-1}pl,p2,....pk—1 such that piAbsi=bsi,1<i<Lp i
\wedge b_{s i} = b {s i}, \quad 1 \le i \le I, piAbsi=bsi,1<i<l, and piAa=a,l+1<i<k.p i
\max\{s_1, s 2, \dots, s_N\}s=max{sl1,s2,...,sI}. Then piAbs=bs,1<i<Lp i\wedge b_s =
b_s, \quad 1 \le i \le l.piAbs=bs, 1<i<I.

Now, consider (a-b)AaAbs=plAp2A:--ApkAanbs.(a \cdot b) \wedge a \wedge b s =p 1
\wedge p_2 \wedge \dots \wedge p_k \wedge a \wedge b_s.(a-b)AaAbs=plAp2A---Apk

AaAbs.

Rewriting by grouping, we get pl+1A---ApkAaAplA---Aplabs=anbs.p {I+1} \wedge
\dots \wedge p_k \wedge a \wedge p_1 \wedge \dots \wedge p_| \wedge b_s = a \wedge
b_s.pl+1A---ApkAaAplA---AplAbs=anbs.
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Case (ii): Suppose pkAazap k \wedge a \ne apkAa=a and pkaAbsk=bskp_ k \wedge
b_{s_k} = b_{s k}pkAbsk=bsk. Rearrange the primary elements pl,p2,...,pk—1p 1,
p_2, \dots, p_{k-1}pl,p2,...,pk—1 such that pira=a,1<i<j,p i\wedge a = a, \quad 1 \le i
\le j,pina=a,1<i<j, and piAbsi=bsi,j+1<i<k—1.p i\wedge b_{s i} = b_{s i}, \quad j+1
\le i\le k-1.piAbsi=bsi,j+1<i<k—1.

,...,sk}. Then pinbs=bs,j+1<i<k.p i \wedge b_s = b_s, \quad j+1 \le i \le k.piAbs=Dbs
J+t1<i<k.  Now, (a-b)Aanbs=plA---ApkAanbs.(a \cdot b) \wedge a \wedge b s =p_1
\wedge \dots \wedge p_k \wedge a \wedge b_s.(a-b)AaAbs=p1A---ApkAanbs.

Grouping appropriately, we get plA---ApjAaApj+1A---ApkAbs=aAbs.p_1 \wedge \dots
\wedge p_j \wedge a \wedge p_{j+1} \wedge \dots \wedge p_k \wedge b_s = a \wedge

b_s.plA---ApjAaApj+1A---ApkAbs=aAbs.

Theorem 3.2. Let LLL be a Noetherian SSR ADL with a maximal element mmm, and
let a,b,c€La, b, c \in La,b,ceL. If b-b=bb \cdot b = bb-b=Db, then

1. aAbAm=(a-b)Ama \wedge b \wedge m = (a \cdot b) \wedge maAbAm=(a-b)Am,
and

2. [(anc)-b]am=(a-b)A(c-b)Am[(a \wedge c) \cdot b] \wedge m = (a \cdot b) \wedge
(c \cdot b) \wedge m[(aAc)-b]Jam=(a-b)A(c-b)Am.

PROOF
Let a,b,ceLa, b, ¢ \in La,b,ceL and suppose b-b=bb \cdot b = bb-b=b.
(i) By property (15) of Lemma 2.4,

aAbA(a-b)=a-b.a \wedge b \wedge (a \cdot b) = a \cdot b.aAbA(a-b)=a-b. Also, by
Theorem 3.1,

(a-b)Aanbs=anbs.(a \cdot b) \wedge a \wedge b s = a \wedge b_s.(a-b)AaAbs=aAbs.
Since b-b=bb \cdot b = bb-b=b, we have (a-b)AaAb=aAb.(a \cdot b) \wedge a \wedge b =
a \wedge b.(a-b)Aanb=aAb.

Hence,
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aAbAm=(a-b)Am.a \wedge b \wedge m = (a \cdot b) \wedge m.aAbAm=(a-b)Am.

(i) Using (i),

[(anc)-b]am=ancAbAm.[(a \wedge c) \cdot b] \wedge m = a \wedge ¢ \wedge b \wedge

m.[(aAc)-b]Am=aAncAbAm.

Rewriting, aAcAbAm=aAbAmAcAbAm.a \wedge ¢ \wedge b \wedge m = a \wedge b

\wedge m \wedge c \wedge b \wedge m.aAcAbAm=anbAmAcAbAm.

By (i) again aAbAmAcAbAm=(a-b)AmA(c-b)Am.a \wedge b \wedge m \wedge ¢ \wedge
b \wedge m = (a \cdot b) \wedge m \wedge (c \cdot b) \wedge

m.aAbAmAcAbAM=(a-b)AmA(c-b)Am.

Therefore, [(anc)-b]am=(a-b)A(c-b)Am.[(a \wedge c) \cdot b] \wedge m = (a \cdot b)
\wedge (c \cdot b) \wedge m.[(aAc)-b]Am=(a-b)A(c-b)Am.

COROLLARY 3.1.

Let LLL be a Noetherian SSR ADL with maximal element mmm. If aaa and bbb are
idempotent elements of LLL, then (a-b)Am=aAbAm.(a \cdot b) \wedge m = a \wedge b

\wedge m.(a-b)Am=aAbAam.

PROOF

Let a,b€La, b \in La,beL be idempotent, i.e., a2=aa”2 = aa2=a and b2=bb"2 = bb2=Db.

By property (15) of Lemma 2.4, aAbA(a-b)=a-b.a \wedge b \wedge (a \cdot b) = a \cdot
b.aAbA(a-b)=a-b.

By Theorem 3.1, (a-b)Aanbs=aAbs.(a \cdot b) \wedge a \wedge b s = a \wedge
b_s.(a-b)AaAbs=aAbs.

Hence,

(a-b)Aanb=anb.(a \cdot b) \wedge a \wedge b = a \wedge b.(a-b)Aarnb=aAb.
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Therefore, (a-b)Am=anbAm.(a \cdot b) \wedge m = a \wedge b \wedge

m.(a-b)Am=aAnbAm..

The following theorem is the converse of Theorem 3.1 under special conditions.

THEOREM 3.3

Let LLL be a skew semi-residuated ADL with the ascending chain condition (a.c.c.).
Suppose that for any a,beLa, b \in La,beL, there exists s€eZ+s \in \mathbb{Z}"+seZ+
such that (a-b)AaAbs=aAbs.(a \cdot b) \wedge a \wedge b_s = a \wedge b_s.(a-b)AaAbs

=aAbs.

Then LLL is a Noetherian SSR ADL.

PROOF

Let ppp be an irreducible element of LLL. Let abela, b \in LabeL satisfy
pA(a-b)=a-bandpAaa.p \wedge (a \cdot b) = a \cdot b \quad \text{and} \quad p \wedge a
\ne a.pA(a-b)=a-bandpaali=a.

Choose seZ+s \in \mathbb{Z}"+seZ+ such that (a-b)AaAbs=aAbs.(a \cdot b) \wedge a
\wedge b_s = a \wedge b_s.(a-b)AaAbs=aAbs.

Then,

pA(a-b)=a-b = pA(a-b)Aanbs=(a-b)Aanbs.p \wedge (a \cdot b) = a \cdot b \implies p
\wedge (a \cdot b) \wedge a \wedge b s = (a \cdot b) \wedge a \wedge
b_s.pA(a-b)=a-b=pA(a-b)Aarbs=(a-b)AaAbs.

Hence,

pAaAbs=aAbs = pV(aAbs)=p.p \wedge a \wedge b_s = a \wedge b_s \implies p \vee (a

\wedge b_s) = p.pAanbs=aAbs=pV(anbs)=p.

Using the distributive property,

(pva)A(pvbs)=p.(p \vee a) \wedge (p \vee b_s) = p.(pva)A(pVvbs)=p.
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Since ppp is irreducible, this implies either

pva=porpvbs=p.p \vee a = p \quad \text{or} \quad p \vee b_s = p.pva=porpvbs=p. But
pva#pp \vee a \ne ppvall=p because pAazap \wedge a \ne apAall=a. Therefore,
pvbs=p.p \vee b_s = p.pvbs=p.

This completes the proof.

Thus, pAbs=bsfor some seZ+.p \wedge b s = b_s \quad \text{for some } s \in
\mathbb{Z}"+.pAbs=bsfor some seZ+.

Therefore, ppp is a primary element.

Hence, every irreducible element of LLL is primary. Thus, LLL is a Noetherian SSR
ADL.

DEFINITION 3.7.

Let LLL be a skew semi-residuated ADL. An element a€lLa \in LaeL is called
principal if, whenever aAb=ba \wedge b = baAb=b for some beLb \in LbeL, there

exists ceLc \in LceL such that a-c=b.a \cdot ¢ = b.a-c=h.

LEMMA 3.1.

Let LLL be a skew semi-residuated ADL with a maximal element mmm. If a,b€La, b

\in La,beL such that aaa is principal and aAb=ba \wedge b = baAb=Db, then

[(bea)-a]JAm=bAm.[(b \circ a) \cdot a] \wedge m = b \wedge m.[(bea)-a]Am=bAm.

PROOF

Let a,beLa, b \in La,beL with aaa principal and aAb=ba \wedge b = baAnb=b. Since aaa

is principal, there exists ceLc \in LceL such that a-c=b.a \cdot ¢ = b.a-c=b.

Then, ba(a:c)=a-c = (bea)Ac=c(by Definition 2.6).b \wedge (a \cdot c) = a \cdot ¢
\implies (b \circ a) \wedge ¢ = ¢ \quad \text{(by Definition
2.6)}.bA(a-c)=a-c=(boa)Ac=c(by Definition 2.6).
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By Lemma 2.2(ii), [(boa)-a]A(c-a)=c-a.[(b \circ a) \cdot a] \wedge (c \cdot a) = ¢ \cdot

a.[(bea)-a]A(c-a)=c-a.

By Lemma 2.3, [(boa)-a]JA(a-c)=a-c.[(b \circ a) \cdot a] \wedge (a \cdot ¢) = a \cdot

c.[(bea)-a]A(a-c)=a-c.
Since a-c=ba \cdot ¢ = ba-c=Db, it follows that
[(bea)-a]Ab=Db.[(b \circ a) \cdot a] \wedge b = b.[(boa)-a]Ab=Db.

Also, (bea)A(bea)=boa = bA[a:(bea)]=a:-(bea)(by Definition 2.6).(b \circ a) \wedge (b
\circ a) = b \circ a \implies b \wedge [a \cdot (b \circ a)] = a \cdot (b \circ a) \quad
\text{(by Definition 2.6)}.(bca)A(bea)=boa=bA[a:(boa)]=a:-(bea)(by Definition 2.6).

By Lemma 2.3,

bA[(bea)-a]=(bea)-a.b \wedge [(b \circ a) \cdot a] = (b \circ a) \cdot
a.bA[(beoa)-a]=(boa)-a.

Hence,

[(bea)-a]JAm=bAm.[(b \circ a) \cdot a] \wedge m = b \wedge m.[(bea)-a]Am=bAm.
We now prove the following fundamental theorem:

THEOREM 3.4.

Let LLL be a skew semi-residuated ADL with a maximal element mmm, satisfying the

following conditions:

1. LLL satisfies the ascending chain condition (a.c.c.).

2. Every element of LLL is principal.
Then LLL is a Noetherian Skew Semi-Residuated ADL.

PROOF.
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Assume that conditions (1) and (2) hold in LLL. Suppose, for the sake of contradiction,

that peLp \in Lp€eL is a non-primary element.

Then there exist a,b€eLa, b \in La,beL such that
pA(a-b)=a-b,pAaza,andpAbs#bsfor all seZ+.p \wedge (a \cdot b) = a \cdot b, \quad p
\wedge a \ne a, \quad \text{and} \quad p \wedge b_s \ne b_s \quad \text{for all } s \in
\mathbb{Z}"+.pA(a-b)=a-b,pAal1=a,andpAbsI=bsfor all s€Z+.

Let keZ+k \in \mathbb{Z}"+kezZ+. By Lemma 2.2(i), bk—1Abk=bk.b_{k-1} \wedge
b_k =b_k.bk—1Abk=Dbk.

Hence,

(pebk)A(pobk—1)=pobk—1 = (pobk)Am>(pobk—1)Am.(p \circ b_k) \wedge (p \circ
b_{k-1}) = p \circ b_{k-1} \implies (p \circ b_k) \wedge m \ge (p \circ b_{k-1}) \wedge
m.(pobk)A(pobk—1)=pobk—1=>(pobk) Am>(pobk—1)Am. Since LLL satisfies the
ascending chain condition (a.c.c.), the chain (peb)Am<(peb2)Am<(pob3)Am<...(p \circ
b) \wedge m \le (p \circ b 2) \wedge m \le (p \circ b _3) \wedge m \le
\dots(peb) Am<(peb2)Am<(pob3)Am<... must terminate.

Then, there exists keZ+k \in \mathbb{Z}"+keZ+ such that (pebk)Am=(pebk+1)Am(i)(p
\circ b_k) \wedge m = (p \circ b_{k+1}) \wedge m \tag{i}(pobk)Am=(pobk+1)Am(i)
Define c=(pva)A(pvbk).c = (p \vee a) \wedge (p \vee b_k).c=(pva)A(pvbk).

Then

p<c<pvbk.p \le c \le p \vee b_k.p<c<pvbk.

Now,

c=cA(pVvbk)=pv(cAbk)(ii)c = c¢ \wedge (p \vee b k) = p \vee (c \wedge b k)
\tag{ii}c=cA(pVvbk)=pVv(cAbk)(ii)

Step 1: First, we show that

pAcAbk=cAbk.p \wedge ¢ \wedge b_k = ¢ \wedge b_k.pAcAbk=cAbk.

Since bkb_kbk is principal and
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bkAacAbk=cAbk,b_k \wedge ¢ \wedge b_k = ¢ \wedge b_k,bkAcAbk=cAbk,

it follows that

cAbkAm=([(cAbk)obk]-bk)Am(by Lemma 3.1)(iii)c \wedge b_k \wedge m = ([(c \wedge
b k) \circ b_k] \cdot b_k) \wedge m \tag{iii} \quad (\text{by Lemma 3.1})cAbk
Am=([(cAbk)obk]-bk)Am(by Lemma 3.1)(iii)

Step 2: Since (pva)Ac=c(p \vee a) \wedge ¢ = c(pva)Ac=c, by Lemma 2.2(ii), we have

[b-(pva)]A(b-c)=b-c.[b \cdot (p \vee a)] \wedge (b \cdot c¢) = b \cdot
c.[b-(pva)]A(b-c)=b-c.

Then,

pA(b-c)=pA[b:(pva)]A(b-c)=pA[(b-p)Vv(b-a)]A(b-c)=[(b-p)Vv(b-a)]A(b-c)=[b-(pva)]A(b-c)=
b-c(since (pva)Ac=c).\begin{aligned} p \wedge (b \cdot ¢) &= p \wedge [b \cdot (p \vee
a)] \wedge (b \cdot ¢) \\ &= p \wedge [(b \cdot p) \vee (b \cdot a)] \wedge (b \cdot c) \\
&= [(b \cdot p) \vee (b \cdot a)] \wedge (b \cdot c) \\ &= [b \cdot (p \vee a)] \wedge (b
\cdot ¢) \ &= b \cdot ¢ \quad (\text{since } (p \vee a) \wedge c = c).
\end{aligned}pA(b-c)
=pA[b-(pva)]A(b-c)=pA[(b-p)V(b-a)]A(b-c)=[(b-p)Vv(b-a)]A(b-c)=[b-(pva)]A(b-c)=b-c(sin
ce (pva)Ac=c).

Step 3: Consequently,

pA(b-c)A[b-(cAbk)]=(b-c)A[b-(cAbk)] = pA[b-(cAbk)]=b-(cAbk)p \wedge (b \cdot c)
\wedge [b \cdot (c \wedge b_k)] = (b \cdot c¢) \wedge [b \cdot (c \wedge b_k)] \implies p
\wedge [b \cdot (c \wedge b k)] = b \cdot (c \wedge b_Kk)pA(b-c)A[b-(cAbk
)]=(b-c)A[b-(cAbk)]=pA[b-(cAbk)]=b-(cAbk)

(by the idempotence of cAbkc \wedge b_kcAbk).

Hence, by Definition 2.6,
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(peb)AcAbk=cAbk = (pob)AcAbkAm=cAbkAm.(p \circ b) \wedge c \wedge b k = ¢
\wedge b_k \implies (p \circ b) \wedge c \wedge b_k \wedge m = ¢ \wedge b_k \wedge
m.(peb)AcAbk=cAbk=>(pob)AcAbkAm=cAbkAm.

Using (iii),

(peb)A([(cAbk)obk]-bk)Am=([(cAbk)obk]-bk)Am,(p \circ b) \wedge ([(c \wedge b_k)
\circ b_k] \cdot b_k) \wedge m = ([(c \wedge b_k) \circ b_k] \cdot b _k) \wedge
m,(peb)A([(cAbk)obk]-bk)Am=([(cAbk)obk]-bk)Am,

and hence,

pA(cAbK)AM=cAbkAmM = pAcAbk=cAbk.p \wedge (c \wedge b_k) \wedge m = c
\wedge b_k \wedge m \implies p \wedge ¢ \wedge b_k = ¢ \wedge b_k.pA(cAbk

)Am=cAbkAm=pAcAbk=cAbk.
Therefore,

pV(cAbk)=p = c=pV(cAbk)=p.p \vee (c \wedge b_k) = p \implies ¢ = p \vee (c \wedge
b_Kk) = p.pv(cAbk)=p=c=pVv(cAbk)=p.

But
p=(pva)A(pvbk),p = (p \vee a) \wedge (p \vee b_k),p=(pva)A(pVvbk),

and since pVva#pp \vee a \ne ppva=p and pvbk#pp \vee b_k \ne ppvbk=p, it follows that
ppp is reducible.

L is a Noetherian Skew Semi-Residuated ADL.
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